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I. Introduction

HE simple model of a cantileverbeam attachedto arigid, rotat-

ing body has been studied extensively inasmuch as it captures
the characteristicdynamics of flexible rotating mechanical systems
such as helicopter blades, robot arms, and satellite appendages.
Some studies have focused on nonlinear dynamic response. The
results of one such study,! which examined the internally reso-
nant response under periodic, near-resonant excitation, identified
distinct classes of periodic responses. Saddle node, pitchfork, and
Hopf bifurcation points, associated with the existence and exchange
of stability of periodic solutions, were located in the system param-
eter space. Additionally, the Hopf bifurcation points also indicate
regions where stable limit cycle responses characterized as an am-
plitude modulated time series may exist.?

This Note describes the measurement of a stable limit cycle re-
sponse in an experimental study of the dynamics of a cantilever
beam attached to a rotating body. The limit cycle is an amplitude
modulated response that would appear near Hopf bifurcations pre-
dictedin the theoretical study. A periodicresponseis presented first.
Then as a single-systemparameter (the excitation frequency) is var-
ied, the periodic response loses stability and gives way to a stable
limit cycle. Such behavior is characteristic of limit cycle (ampli-
tude modulated motion on a two torus) responses measured in other
mechanical systems.

II. Experimental Study

A. Apparatus

A schematic diagram of the apparatus is shown in Fig. 1 and
consists of the following: a) vacuum vessel, aluminum tank that
is evacuated to eliminate aerodynamic loads; b) flexible beam,
Lexan, length = 0.52 m, Young’s modulus = 2375 MPa, density =
1200kg/m?; c)rigidbody,solid,aluminumhub, radius R = 0.076m;
mounted to a steel drive shaft, the beam is bolted to the rigid body
creating a fixed boundary condition; d) four accelerometers, Ende-
vco 7250 A/AM-10 (mass = 1.8 g each), mounted at two locations
along the length of the beam with each pair mounted normal to
motion in the flapping (out of the plane of rotation) or lead/lag (in
the plane of rotation) directions; e) vibration exciter, generic audio
speaker mounted vertically to excite motion in the flapping direc-
tion only; f) load cell, Wilcoxon Research 5969, mounted on the
beam and connected to the exciter by a short, stiff stinger; g) slip
ring, 36 channels allowing wire-free connection for signals from
the accelerometers, exciter, and load cell; h) electric motor, Parker
Hannifin OEM650 Microstep Drive with OEM83-135-MO step mo-
tor run at 25,000 steps/revolution; i) motor controller, Galil DMC-
1010 motioncontrollercard in personalcomputer;j) data acquisition
and analysis computer; and k) signal generator/analyzer, HP3566A.
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Fig. 2 First natural frequency (theoretical/experimental) of the first
in-plane (——/4) and out-of-plane (- - -/+) bending modes for a beam
with a rectangular cross section. The natural frequencies are equal when
the rotation speed is 36.9 rad/s.

B. Measurement Conditions

Abeamwith arectangularcross sectionis used. At rest, the natural
frequencies in the lead/lag and flapping directions of the beam are
not equal. For the class of beams in which the moment of inertia
is greater in the lead/lag direction than in the flapping direction,
the natural frequencies of lead/lag modes are greater than those of
corresponding flapping modes. As the beam rotates, the centrifugal
force stiffens the beam in the lead/lag and flapping directions at
different rates. As a result for this class of beams, there exists a
speed at which the natural frequencies of a lead/lag and a flapping
mode are equal.

As shown in Fig. 2, for a beam with a cross section of 1.270 x
1.905 cm the first natural frequencies are commensurable in a 1:1
ratio at an angular speed of 36.9 rad/s (353 rpm). In Fig 2, the
solid and dashed lines represent theoretical predictions, whereas
the diamonds and crosses represent measurements taken from an
experimental modal analysis survey. Two pairs of accelerometers
are attached to the beam at the tip and at an arbitrary midpoint.
Time histories from the accelerometersare recordedusing the signal
analyzer. The analyzeralso providesa specified harmonic excitation
to the vibration exciter.

C. Sample Results

Two examples are presented here to illustrate the measurement
of a typical periodic response and its transition into a limit cycle
response. In these examples, the hub rotation speed is a constant
39.94 rad/s (=350 rpm). In the first example, the excitation fre-
quency is 9.6875 Hz. Figure 3a shows a portion of the time history
recorded from the accelerometer near the free end of the beam in
the flapping direction. The time history in the lead/lag direction (not
shown) has a similar appearance.

Figure 3b shows a fast Fourier transform (FFT) spectrum of the
time history. The frequency peak with the greatest amplitude occurs
at 9.6875 Hz, which is the excitation frequency. The peak immedi-
ately to the right occurs at 9.87 Hz and corresponds to the natural
frequency of the flapping mode. The other peaks correspond to the
vacuum tank and its harmonics. From the modal survey, the natural
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Fig. 3 Periodic response measured from the accelerometer at the tip
of the beam in the out-of-plane direction with excitation frequency
9.6875 Hz.
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Fig.4 Amplitude modulated response measured from the accelerom-
eter at the same location as in Fig. 3, with excitation frequency 9.8 Hz.

frequency of the lead/lag mode was found to be 9.82 Hz. Figure 3¢
is a portion of the autocorrelation of the time history. It shows that
noise is not appreciable. The minor loss of correlationindicates that
the motion is nearly periodic. One-quarter of the natural orbital pe-
riod is chosen to get an open pseudophase portrait. Figure 3d is the
pseudophase portrait created following the time delay embedding
procedure outlined by Broomhead and King.* An embedding delay
of three was used for this case.

The excitation frequency was then increased to 9.90 Hz. The ex-
citation amplitude was held constantby monitoring the output from
the load cell and manually adjusting the input voltage to the exciter.
Figure 4a is a time history again recorded from the accelerometer
near the free end of the beam in the flapping direction. It clearly
shows a beatinglike appearance typical of an amplitude modulated
response. The time history in the lead/lag direction (not shown) has a
similarappearance.A pseudophaseportraitof the responseis shown
inFig. 4b usingan embeddingdelay of four. In this case the thickness
of the ellipse arises more from the amplitude modulation of the re-
sponse than from the noise. The amplitude and period of modulation
can be approximatedby the motion of a pointon a torus.> A Poincaré
section of the response would be more definitive in determining the
aperiodicity of the response. However, one could not be constructed
inthis casebecausethe data were notsampled at a suitablefrequency
such as an integer multiple of the excitation frequency.

III. Conclusion
A periodic and a limit cycle response of a cantilever beam at-
tached to a rotating body subject to a harmonic excitation has been
presented. The experimental measurement of these motions sup-
ports a theoretical study that predicts a variety of nonlinear dynamic
responses.

Acknowledgments

This work was performed under the auspices of the U.S. Depart-
ment of Energy by the Lawrence Livermore National Laboratory
under Contract W-7405-ENG-48. The support of Jerry Gerich and
Robert Langland is greatly appreciated.

References
1Murphy, K. D., and Lee, C. L., “The 1:1 Internally Resonant Response
of a Cantilever Beam Attached to a Rotating Beam,” Journal of Sound and
Vibration, Vol. 211, No. 2, 1998, pp. 179-194.
2Bajaj, A. K., and Johnson, J. M., “Asymptotic Techniques and Com-
plex Dynamics in Weakly Non-Linear Forced Mechanical Systems,”
International Journal of Non-Linear Mechanics, Vol. 25, No. 2/3, 1990,
pp- 211-226.
3Lee, C. L., Al-Salem, M. F., and Woehrle, T. G., “Natural Frequency
Measurements for Rotating Spanwise Uniform Cantilever Beams,” Journal
of Applied Mechanics (submitted for publication).
4Broomhead, D. S., and King, G. P, “Extracting Qualitative Dynamics
from Experimental Data,” Physica 20D, 1986, pp. 217-236.
5Sethna, P.R., and Bajaj, A. K., “Bifurcations in Dynamical Systems with
Internal Resonance,” Journal of Applied Mechanics, Vol. 45, Dec. 1978, pp.
895-902.
A. Berman
Associate Editor

Application of Parabolized
Stability Equations to
the Prediction of Jet Instabilities

C. C. Yen* and N. L. Messersmith'
Purdue University, West Lafayette, Indiana 47907-1282

Introduction

C LASSICAL inviscid and quasiparallel linear stability theory
(LST) cannot account for the natural divergence of jet flow.
Because of an accumulation effect, incomplete upstream informa-
tion could lead to inaccurate predictions downstream. Crighton and
Gaster' and Plaschko? accounted for the diverging effect by the
multiple-scales method; however, this is subject to inherent nu-
merical difficulties when neglecting viscosity. Furthermore, neither
method can account for the possible distortion of instability wave-
forms near the jet exit, which could largely influence downstream
instabilities. A newly developedmethod called parabolizedstability
equations (PSE)’~® has been used to analyze the streamwise evolu-
tion of instability waves in flows that are highly unidirectional,such
as boundary layers and free shear layers. That the PSE analysis is
able to fully account for the nature of diverging mean flow and to re-
solve the evolvinginstabilities withoutnumerical difficulties as seen
in LST has made PSE an alternative tool in dealing with jet insta-
bilities at relatively low computational cost compared with schemes
based on direct numerical simulation or large eddy simulation.

PSE for Axisymmetric Flow

Yen and Messersmith’ provide details of the PSE derivation in
cylindrical coordinates for a viscous incompressible circular free
jet flow. The mean pressure gradients in the axial and radial direc-
tions have been discarded because a free jet is considered. For a
diverging mean flow, the solution in terms of LST is not strictly
justified because the coefficients of the linearized stability equa-
tions depend weakly on the axial location z. Both the amplitude
function and wave number exhibit streamwise variation due to the
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